In this paper, we study the M5-brane configurations in AdS 4 × Q 1,1,1 spacetime. We consider the configurations with an AdS 2 factor embedding into AdS 4 , and manage to construct two solutions, which could be dual to line defects in the boundary gauge theory. Moreover we discuss their BPS nature and find that neither of them is supersymmetric. We show that the M5-brane with a R t or an AdS 3 factor found before is half-BPS. * lidesheng@ihep.ac.cn
Introduction
Great progress on understanding of the low energy effective action of N M2-branes at large N limit has been made since the construction of ABJM theory [1] which was in part inspired by [2] [3] [4] [5] [6] among with other works. ABJM theory is a three-dimensional N = 6 super-Chern-Simons theory with gauge group U (N ) k × U (N ) −k . This theory is dual to M-theory on AdS 4 × S 7 /Z k or type IIA theory on AdS 4 × CP 3 . By solving the ABJM matrix model obtained via supersymmetric localization [7] , people finally had a satisfying understanding [8] of the scaling behavior N 3/2 for the counting of the degrees of freedom for N M2-branes, first obtained through the computations in the gravity side [9] . Many examples of AdS 4 /CF T 3 correspondence with less supersymmetries has been studied as well. In the gravity side, the correspondence involves M-theory on AdS 4 × Y 7 with Y 7 being certain manifolds or orbifolds. The dual field theory could be three-dimensional Chern-Simons-matter theory with N = 1 (2, 3) supersymmetries when Y 7 is a weak G 2 (Sasaki-Einstein, 3-Sasaki) manifold (or its orbifold preserving the same amount of supersymmetries) [10, 11] . The three-dimensional Chern-Simons-matter field theories with N = 4, 5, 6 supersymmetries, corresponding to certain orbifolds Y 7 , have also been studied in [1, [12] [13] [14] [15] [16] . Among them, the study of M-theory on AdS 4 × Q 1,1,1 [17] [18] [19] [20] [21] [22] is of particular interest, because the metric of Sasaki-Einstein manifold Q 1,1,1 is quite simple.
In M-theory, there are two kinds of nonperturbative objects: M2-brane and M5-brane. Their roles in AdS 4 /CFT 3 correspondence are not completely clear. For example, the dimension reduction of M2-brane to ten dimension may give us fundamental string, which could be dual to the Wilson loop in the field theory [23, 24] . However, though the simplest embedded of F-strings inside the dual IIA string theory background AdS 4 ×CP 3 is half BPS [25, 26] , the field theory construction of BPS Wilson loop operator is highly nontrivial [25] [26] [27] [28] [29] [30] [31] . Less supersymmetric Wilson loops in ABJM theory were studied in [32] [33] [34] [35] . General studies on Wilson loops in N = 2 super-Chern-Simons theory were performed in [36] . Very recently, the BPS M 2-branes in AdS 4 × Q 1,1,1 dual to BPS Wilson loops and vertex loops were studied in [37] based on explicit expressions of Killing spinors. Other types of membranes in AdS 4 × Q 1,1,1 were studied in [38] [39] [40] .
Besides M2-branes, there are also M5-branes in M-theory. In the context of AdS/CFT correspondence, M5-brane could be dual to the baryonic operator or the defects including the line defect and the domain wall in the field theory. It may also appear due to the Myers' polarization effect of multiple M2-branes [42] [43] [44] . It is not easy to find the M5-brane configuration in curved spacetime because its equations of motion are hard to solve. In the case of AdS 4 × Q 1,1,1 , the M5-branes with a R t and AdS 3 factor have been studied in [39, 45] . The first M5-brane is dual to certain baryonic operator while the second one is dual to domain wall. An unanswered question on these solutions is whether or not they are supersymmetric.
The main topics of this note is to study M5-brane solutions and their BPS nature in AdS 4 × Q 1,1,1 spacetime. We pay special attention to M5-branes whose worldvolume includes an AdS 2 factor. These M5-branes should dual to certain one-dimensional defects in the dual gauge theory, though may not dual to the Wilson loop operator or the vertex loop operator [41] . With the projection condition on the Killing spinor in mind, we make two kinds of ansatz which have the potential to be supersymmetric. However after solving the M5-brane equations of motion and studying the BPS conditions for M5-branes, we find that none of them is BPS. This shows that it is quite hard to find BPS M5-branes with an AdS 2 factor in background with such less supersymmetries. Besides, we check the supersymmetries preserved by the previously-mentioned M5-brane with a R t or AdS 3 factor and find that both of them are half-BPS.
In the next section, we will briefly review M5-brane equations of motion and the projection condition for the supersymmetries preserved by the probe M5-brane. In section 3, we introduce the background fields and the Killing spinors of M-theory on AdS 4 × Q 1,1,1 . In section 4, we present two M5-brane solutions whose worldvolumes involve an AdS 2 factor. In section 5, we discuss the supersymmetries preserved by M5-brane with a R t or AdS 3 factor. We conclude this paper with some brief discussions. We gather in the appendix the explicit form of the connection coefficients used in the main text.
M5-brane equations of motion
Various proposals and aspects of M5-brane actions have been studied in [46] [47] [48] [49] [50] [51] (for a review of M-theory branes, see [52] ). In this section we briefly review the covariant equations of motion for M5-branes [46] and the supersymmetric conditions for the probe M5-brane.
The massless bosonic fields of 11-dimensional M-theory include the metric 1
and the 4-form field strength
Starting with h mnp which is self dual with respect to this induced metric, we define the following list of quantities
where
The covariant derivative ∇ m E c n is defined as
where Γ p mn is the Christoffel symbol with respect to the induced metric on the worldvolume and ω c ab is the spin connection of the background spacetime. After defining these quantities, the equations of motion of a M5-brane include three parts:
• Bianchi identity
where P [H 4 ] is the pull-back of the target space 4-form flux.
• Scalar equation
To study the supersymmetries preserved by the probe M5-brane, we need to solve the kappa symmetry projection condition
where η is solution of Killing spinor equation of the M-theory background
and Γ M 5 is determined by the embedding of M5-brane and the flux on it [46] 
Here g is the determinant of the induced worldvolume metric component, h j 4 j 5 j 6 is the self-dual 3-form on the M5-brane. And Γ <j 1 ···jn> is defined as
where Γ a 1 ···a n is the antisymmetrized product of the Gamma matrices in the orthonormal frame.
The background fields and the Killing spinors
The metric on AdS 4 × Q 1,1,1 is
The four-form field strength on this background is
The vielbeins of the eleven-dimensional metric are
such that H 4 can now be written as
As mentioned in the previous section, the Killing spinors of AdS 4 × Q 1,1,1 satisfy the following equation
Our convention about the product of the eleven Γ matrices is
Using the vielbeins given above and the spin connections given in the appendix, we find that the solution to the above equation is 2
where η 0 is independent of all the coordinates and satisfies the projection conditions
andΓ is defined asΓ ≡ Γ 0123 .
We will also need the metric of AdS 4 in the Poincare coordinates
now the vielbeins in the AdS 4 part are
and the corresponding spin connections are
In Poincare coordinates, the solutions to the Killing spinor equations are
Here
M5-branes dual to line defects
In this section we find two M5-brane solutions dual to line defects in the boundary gauge theory. The first solution has an AdS 2 factor in the AdS 4 part of the background geometry, while the second solution has an AdS 2 × S 1 factor in the AdS 4 part.
The first solution
For this solution, the topology of the worldvolume of M5-brane is AdS 2 × M 4 with AdS 2 ⊂ AdS 4 and M 4 ⊂ Q 1,1,1 . The embedding of this M5-brane is
with other coordinates fixed 3 . We choose the 3-form h 3 to be zero. Now the induced metric is
(dθ
The nonzero components of E a m are
From h 3 = 0, it is easy to obtain that H 3 = 0 and G mn = g mn . Then the Bianchi identity and the tensor equations are satisfied trivially. And after some computations, we find that the scalar equations give the constraint that u 0 = 0.
The Killing spinor on the worldvolume of this M5-brane is
Γ 0Γ e φ 0 2
In this case Γ M 5 is
Considering the points in the submanifold t = ρ = θ 2 = 0, θ 1 = π/2 on the worldvolume,
However this projection condition is not compatible with the projection condition Γ 4567 η 0 = −η 0 from the Killing spinor equations. This leads to the conclusion that this M5-brane is not supersymmetric.
The second solution
The topology of the worldvolume of this M5-brane is AdS 2 × S 1 × M 3 with AdS 2 × S 1 ⊂ AdS 4 and M 3 ⊂ Q 1,1,1 . The embedding is
with other coordinates being fixed. The 3-form field h 3 is chosen to be
satisfying the condition that h 3 = * h 3 . The induced metric is
We list some important quantities for this solution here
The nonzero components of G mn are
when m, n ∈ {t, ρ, φ}, and
when m, n ∈ {θ 1 , φ 1 , ψ}. And
The Bianchi identity gives that dH 3 = 0 (58) which lead to the fact that a is a constant. The tensor equations are automatically satisfied under this condition. By some computations, we find that scalar equations give the following relation between a and u 0 2 tanh u 0 + coth u 0 = 12a 1 + 4a 2 .
On the worldvolume of this M5-brane, the Killing spinor reads
And Γ M 5 now becomes
By studying the special cases with ρ = t = φ = ψ = 0 and ρ = t = ψ = 0, φ = π/2, we find that this M5-brane is non-BPS.
Supersymmetric M5-branes
The M5-branes with an AdS 2 factor we found in the last section are not supersymmetric. In this section, we discuss the BPS nature of two other M5-brane configurations proposed in the literature and find that both of them keep half of the supersymmetries.
M5-brane with a R t factor
The M5-brane with a R t factor in AdS 4 and with other five directions in Q 1,1,1 was studied in [39, 45] . Now we show explicitly that this brane configuration satisfy M5-brane equations of motion and preserve half of the supersymmetries of the AdS 4 × Q 1,1,1 background. The embedding of this M5-brane is
with θ 3 , φ 3 , u, ρ, φ being fixed on the worldvolume, and the 3-form field h 3 is chosen to be zero. The induced metric on the worldvolume is
After some short computations, we obtain
Now the Bianchi identity and the tensor equation are satisfied automatically and the scalar equations give the constraint that
Now we can easily get that
Using eqs. (30) and (31), we find that the supersymmetric condition
is equivalent to the project condition
Since this condition is compatible with the project conditions in Eq. (31), we arrive at the conclusion that this M5-brane is half-BPS.
M5-brane with an AdS 3 factor
The M5-brane with an AdS 3 factor was studied in [45] and was argued there to be dual to a domain wall in the field theory. Here we show explicitly that this configuration does satisfy the equations of motion for probe M5-brane and moreover is half-BPS. We will also make contact with general discussions on BPS M5-branes in AdS 4 × Y 7 background in [55] . Now we use the Ponicaré coordinates of AdS 4 . The embedding of this M5-brane is
The 3-form field h 3 is chosen to be
satisfying the condition that h 3 = * h 3 . The topology of the worldvolume of this M5-brane is AdS 3 ×M 3 . And notice that the M 3 part is the same as the one in subsection 4.2. The induced metric reads
Now we have
when m, n ∈ {t, x 1 , y}, and
when m, n ∈ {θ 1 , φ 1 , ψ}. The nonzero components of P c a are
The 3-form field H 3 is
The Bianchi identity implies that a should be a constant. Under this condition, the tensor equations are satisfied and the only non-trivial condition given by the scalar equations is
For the special case, f (y) = κy with κ a constant, we get
when κ = 0, it gives a = 0. When κ = 0, we have
We also notice that when we choose the plus sign in the above equation, the limit of κ → 0 gives a → 0. We now discuss the BPS condition in the special case when f = κy. Now Γ M 5 becomes
After some computation using Eq. (36) and the projection conditions Eq. (37), we find that Γ M 5 η = η is equivalent to the projection conditions
The signs of the right side hand of above two equations follow the choice of the sign in Eq. (89). Since these projection conditions are compatible with the projection conditions in Eq. (37) . This M5-brane solution is half-BPS. In [55] , M5-brane with worldvolume AdS 3 × M 3 embedded in AdS 4 × M 7 has been shown to be half-BPS provided that M 7 is a weak G 2 manifold and M 3 is an associate submanifold. Consider the three form
in Q 1,1,1 , one can easily show that
and
This shows explicitly that Q 1,1,1 is a weak G 2 manifold as Sasaki-Einstein manifolds are special cases of G 2 manifolds and M 3 used here is in fact an associate submanifold. So our results are consistent with the ones in [55] . We also notice that similar BPS M5-brane with worldvolume AdS 3 × S 3 in AdS 4 × S 7 was studied in [44, 56] .
Discussions
In this work, we studied some solutions of the complicated M5-brane equations of motion in the M-theory background AdS 4 × Q 1,1,1 . For the two M5-brane solutions whose worldvolme has factor AdS 2 , we found that both of them are non-BPS by studying the projection conditions. Our experiences indicate that there seems no BPS M5-branes with such AdS 2 factor. It would be interesting to establish such general no-go results for AdS 4 × Q 1,1,1 and more general background with 8 supercharges. It is also interesting to study such M5-branes with AdS 2 factor in AdS 4 × Y 7 with Y 7 a 3-Sasakian manifolds (M5-brane with an AdS 3 factor in AdS 4 × N (1, 1) was studied in [57] ). The M5-branes with an AdS 3 factor [44, 45, [55] [56] [57] are believed to dual to some domain walls in the field theory. It will be interesting to give more concrete description of these domain walls since now we have known much more about the dual superconformal field theory. The BPS nature of these M5-branes would allow us to establish the detailed correspondence between the computations in the bulk theory and in the boundary field theory.
Appendix: connection coefficients
The spin connections with respect to the vielbeins (26) are
The Levi-Civita connection coefficients of the induced metric (40) are 
The nonzero components of the Christoffel symbol for the metric (63) are 
